Abstract We give a sufficient condition for a first order infinitesimal deformation of a curve on a 3-fold to be obstructed. As application we construct generically non-reduced components of the Hilbert schemes of uniruled 3-folds and the Hom scheme from a general curve of genus five to a general cubic 3-fold.
Introduction
We study the (embedded) deformation of a (smooth projective) curve C on a smooth projective 3-fold V under the presence of a certain pair of a smooth surface S and a smooth curve E such that C, E ⊂ S ⊂ V . In other words we study the Hilbert scheme Hilb sc V of smooth curves on V with the help of intermediate surfaces. LetC be a first order infinitesimal deformation of C ⊂ V . As is well known,C determines a global section α of the normal bundle N C/V . It also determines a cohomology class ob(α) ∈ H 1 (N C/V )
such thatC lifts to a deformation over Spec k[t]/(t 3 ) if and only if ob(α) is zero ( §2.1).
This ob(α) is called the obstruction of α (orC). In this paper, we give a sufficient condition for ob(α) = 0 in terms of π S (α), the exterior component of α (Theorem 1.6). Here π S is the natural projection N C/V → N S/V C . In each of the following examples, the tangent space t W,C of the subvariety W is everywhere of codimension one in H 0 (N C/V ), the tangent space of Hilb sc V . Every α ∈ H 0 (N C/V ) not in t W,C satisfies the condition, hence is obstructed and Hilb sc V is everywhere non-reduced along W .
Example 1.1. Let V be the projective space P 3 , S ⊂ P 3 a smooth cubic surface, E ⊂ S a (−1)-P 1 and C ⊂ S a smooth member of the linear system |4h + 2E| ≃ P 37 on S. C is and genus 5. Such C's are parametrized by W = W 16 ⊂ Hilb sc V , an open subset of P 12 -bundle over the dual projective space P 4,∨ . Here h is the restriction to S of a hyperplane
For many uniruled 3-folds V , we can find a curve C ⊂ V similar to the above examples. More precisely we have the following: Theorem 1. 3 . Suppose that E is a (−1)-P 1 on S, N E/V is generated by global sections and p g (S) = h 1 (N S/V ) = 0. Then the Hilbert scheme Hilb sc V of smooth curves on V
contains a generically non-reduced component.
See Example 3.7 for 3-folds V with such S and E. Mumford [8] proved the non-reducedness of Hilb sc P 3 (Example 1.1) by a global argument but later Curtin [2] gave another proof by infinitesimal analysis of deformations. Recently Nasu [9] has simplified and generalized Curtin's proof. This theorem follows the line of these works. For a given projective scheme X, the set of morphisms f : X → V has a natural scheme structure as a subscheme of the Hilbert scheme of X × V . This scheme is called the Hom scheme and denoted by Hom(X, V ). When we fix a projective embedding V ֒→ P n , all the morphisms of degree d are parametrized by an open and closed subscheme, which we denote by Hom d (X, V ). Our Example 1.2 gives rise to a counterexample to the following problem on the Hom scheme: Let Hom 8 (X, V 3 ) be the Hom scheme of morphisms of degree 8 from a general curve X of genus 5 to a smooth cubic 3-fold V 3 ⊂ P 4 . Its expected dimension equals 4 (cf. §4). In order to prove Example 1.2 and Theorem 1.3, we take a rational section v of the normal bundle N S/V . Suppose that v has a pole only along a smooth curve E = C and of order one, that is,
as a divisor on E. 2) and the following two conditions:
(a) Let ∂ denotes the coboundary map of the exact sequence of
Then every first order infinitesimal deformationC of C ⊂ V , or α, whose exterior component coincides with v C is obstructed.
If E ⊂ S is a (−1)-P 1 , N E/V is generated by global sections and v E is a general member of H 0 (N S/V (E) E ), then the condition (a) is satisfied (Lemma 3.6). If E is a (−1)-P 1 , we have (∆.E) = 0 and hence (b) is equivalent to that |∆ − E| = |∆|.
We prove Theorem 1.6 in §2 and Theorem 1.3 in §3. In the final section, we prove Theorem 1.5.
We work over an algebraically closed field k in arbitrary characteristic except for in §4. We denote by (A.B) the intersection number of two divisors A and B on a surface. For a subscheme S of V and a sheaf F on V , we denote the restriction map
2 Obstruction to deforming curves
General theory
Let C be a smooth closed subvariety of a smooth variety V . We denote the normal bundle
which is flat over Spec k[t]/(t 2 ) and whose central fiber is C ⊂ V . Let IC be the ideal sheaf ofC, which is also flat over
by t induces a homomorphism IC → OC, which factors through α :
Moreover,C is recovered from the homomorphism α : I C → O C . In the sequel we identifỹ C with α ∈ H 0 (N C/V ).
The standard exact sequence 
is zero, where
is the extension class of (2.1). ob(α) is called the obstruction of α (orC). Since both C and V are smooth, ob(α) is contained in the subspace
The tangent space of the Hilbert scheme Hilb
Hilb V is nonsingular at [C], then every first order infinitesimal deformation of C ⊂ V lifts to a deformation over Spec
coboundary map of the exact sequence L⊗(2.1). We denote the composite of δ and the restriction map
is the tangential map of the natural morphism C ′ → O C (C ′ ) from the Hilbert scheme of divisors C ′ ⊂ V to the Picard scheme Pic C.
Exterior component
From now on we assume that C is contained in a smooth divisor S ⊂ V . There exists a natural exact sequence
of normal bundles. In this article we compute not ob(α) itself but its image by
We call the image the exterior component of ob(α) and denote by ob S (α). Here we give another expression of ob S (α). Let
be the map (2.2) for the line bundle L = O V (S). We abbreviate this as d C .
Lemma 2.1.
where ∪ is the cup product map
Proof. For each i = 0 and 1, H i (π S ) is equal to the restriction to
of the cup product map Ext
, where ι : I S ֒→ I C is the natural inclusion. Recall that the coboundary map δ in §2.1 is also a cup product map with the extension class k C,V of (2.1). Therefore we have
related by the following commutative diagram:
where ι :
is the inclusion induced by π S of (2.4). In some cases the exterior component of ob(α) depends only on that of α.
whose first cup product map is (2.5), we have
Infinitesimal deformation with a pole
We assume that V is a 3-fold, S ⊂ V is a smooth surface and E is a smooth curve on S with (E 2 ) < 0 as in Theorem 1.6. We denote the complemental open varieties S\E and V \E by S • and V • , respectively, and the map (2.
In this subsection we study the singularity of 
Proof.
There exists an open affine finite covering U = {U i } i=1,...,n of S. Let c = {c ij } 1≤i<j≤n be a 1-cocycle with coefficient L with respect to U and γ m its cohomology
is injective. Therefore, γ m−1 is also 0. By induction γ 0 is zero in H 1 (S, L).
By the lemma, the natural map 
is commutative.
Proof. Let U := {U i } i∈I be an affine open covering of V and let x i = y i = 0 be the local equation of E over U i such that y i defines S in U i . Through the proof, for a local section t of a sheaf F on V ,t denotes the restriction t S ∈ F S for conventions. Let D x i and Dx i denote the affine open subsets of U i and U i ∩ S defined by x i = 0 andx i = 0, respectively.
Let v be a global section of N S/V (E) ≃ O S (S)(E). Then the productx i v is contained in H 0 (U i , O S (S)) and lifts to a section s
for every i, j, where δ :
Moreover since
Thus we have proved (1). Now we compute the image of
For the computation, we need to consider the relation between the local equations x i = y i = 0 of E over U i 's. Since the two ideals O U i x i + O U i y i and O U j x j + O U j y j define the same ideal over U i ∩ U j , there exist elements b ij and c ij of O U i ∩U j satisfying x i = b ij y j + c ij x j . Then we have
On the other hand, the restriction of the 1-cochain b ij y j /x i i,j∈I to E is a cocycle and represents the extension class e ∈ H 1 (O E (−S + E)) of the exact sequence (1.3). Therefore d S (v) E is equal to e ∪ (v E ) = ∂(v E ), which shows (2).
Computation of obstructions
The purpose of this subsection is the proof of Theorem 1.6. Let v be a global section of H 0 (N S/V (E)) which satisfies the inequality (1.1). Let k E = k E,S and k C = k C,S be the extension classes of the exact sequences
on S, respectively. We regard v C (resp. v E ) as a global section of N S/V C (resp. N S/V (E − C) E ). Then we have the following:
Proof. We have the following commutative diagram of O S -modules
whose first row is the Koszul complex of C ∩ E. By (1.1) the global section v belongs to H 0 (I C∩E ⊗ N S/V (E)). By the commutativity, the coboundary map
of the first row is equal to (∪k C ) • C and similarly to (∪k E ) • E .
We need to consider the relation between the two maps d C and d S allowing pole along E. The diagram (2.6) becomes the partially commutative diagram
where Z is the scheme-theoretic intersection C ∩ E. In other words, the commutativity holds only for u ∈ H 0 (N S/V C ) which has a lift v ∈ H 0 (N S/V (E)). More precisely, for such a pair u and v, we have
Here * denotes the image of * ∈ H 1 (C, F ) (resp. * ∈ H 1 (S, F )) in H 1 (C, F (2Z)) (resp.
, where F is a vector bundle on C (resp. S).
Proof of Theorem 1.6 Let α ∈ H 0 (N C/V ) be as in the theorem. It suffices to show that the exterior component ob S (α) is nonzero in H 1 (N S/V C ). In fact, we show that its
The following generalizes Lemma 2.2 under the circumstances:
Step 1
Proof. By Lemma 2.1, ob S (α) is equal to the cup product
The rest of the proof is same as that of Lemma 2.2.
By the commutative diagram
we have the required equation.
We relate ob S (α) with a cohomology class on E by Lemma 2.5:
Step 2
Proof. Since
is commutative, we have a commutative diagram
Hence we have
Step 1. There exists a commutative diagram
similar to (2.9). Therefore by Lemma 2.5, we have
Thus we obtain the equation required.
Step 2E) ). Consider the coboundary map
which appears in (2.10). By the Serre duality, it is the dual of the restriction map
which is surjective by the assumption (b). Hence the coboundary map ∪ k E is injective.
Therefore we obtain d S (v) E ∪ v E ∪ k E = 0 and hence by Step 2 we conclude that
Thus we have proved Theorem 1.6.
Application to Hilbert schemes
In this section, we apply the result of the previous section to prove Theorem 1.3. We generalize Mumford's example (Example 1.1) and show that for many uniruled 3-folds V , their Hilbert schemes Hilb sc V contain similar generically non-reduced components.
Dichotomy
We explain the detail of Example 1.2, which is a prototype of the non-reduced components constructed in §3.4. It is simpler than Mumford's example in applying Theorem 1.6. Let C, E, S, V, h and W be as in Example 1.2. Then by (C.E) = (2h + 2E.E) = 0, the intersection C ∩E is empty, which is the main reason for the simplicity. By adjunction, we have
Hence the image of the Kodaira-Spencer map t W,C ≃ k Proof. Consider the exact sequence 
S-maximal family of curves
Let V be a smooth projective 3-fold and let S be a smooth surface in V . We introduce the notion of S-maximal families, which is analogous to s-maximal irreducible subsets defined in [6] for Hilb sc P 3 . We assume that the Hilbert scheme Hilb V of V is nonsingular . We call the image of W S,C in Hilb sc V the S-maximal family of curves containing C and denote it by W S,C . We illustrate W S,C by the diagram
There exists a commutative diagram
Here the two horizontal sequences of normal bundles are exact. By the diagram, we have the following lemma.
Lemma 3.3. The cokernel (resp. kernel) of the tangential map
Construction of an obstructed curve
From now on we assume that the geometric genus p g (S) is zero and H 1 (N S/V ) = 0. Let E be a (−1)-P 1 on S whose normal bundle N E/V is generated by global sections. We denote by ε : S → F the blow down of E from S. We take a sufficiently general effective divisor ∆ on F satisfying the following:
[i] the linear system Λ := |ε * ∆−K V S +2E| on S contains a smooth connected member C,
We will show that Hilb sc V is non-reduced in a neighborhood of the corresponding point
[C] in the next subsection. Proof. Let ∆ 0 be an ample divisor on F and let m be a sufficiently large integer. We show that ∆ := m∆ 0 satisfies the conditions. We have χ(N E/V ) = deg(−K V E ) = deg N E/V + 2. Since N E/V is generated by global sections, we have deg N E/V ≥ 0 and hence deg(−K V E ) ≥ 2. Thus we have e := deg(−K V S + 2E) E ≥ 0. If e = 0, then the blow-up of F p at p by π p : S p → F p . Then we have a commutative diagram:
where C is the inverse image of X in S p and Π p is the projection from p ∈ F p \ X. Since X belongs to the linear system | − 2K F | on F p , C belongs to |π * p (−2K F )| = | − 2K S + 2E| on S p , where E is the exceptional curve of S p → F p . Since q, q ′ and p ∈ F p are general, Hence S p is isomorphic to a hyperplane section of V 
dominant for a smooth cubic 3-fold V 3 ⊂ P 4 ?
